Abstract-We present an analysis and demonstration of the doubling of the chirp rate and total chirp bandwidth of a frequency chirped optical signal by the process of four-wave mixing in a non-linear optical medium. The effects of chromatic dispersion and input power on the maximum achievable output bandwidth are analyzed, and a dispersion compensation technique for phase matching is described. The doubling of an input linear frequency sweep of 100 GHz/1 ms in a highly nonlinear optical fiber is experimentally demonstrated. Further, it is proposed that a cascaded implementation of the four-wave mixing process leads to a geometric increase in the bandwidth of the frequency chirp. With an electronically tuned chirped laser at the input stage, this process can be used to generate extremely wideband swept frequency sources with no moving parts, for applications in high-speed and high-resolution optical imaging and spectroscopy.
I. INTRODUCTION

F
REQUENCY chirped optical waveforms with large frequency chirp range (optical bandwidth) have applications in high resolution optical imaging, LIDAR and infrared and Terahertz spectroscopy. The spatial resolution of an imaging system using a chirped laser source is inversely proportional to the chirp bandwidth [1] , and the unambiguous range of the distance measurement is governed by the coherence length of the laser. Optical ranging applications therefore benefit from rapidly tunable, wide-bandwidth, and narrow linewidth swept-frequency optical sources. Rapidly swept laser sources with wide tuning ranges of 10-THz also find applications in swept source Optical Coherence Tomography (OCT) [2] . Fourier-domain mode locking [3] and quasi-phase continuous tuning [4] have been developed to further improve the tuning speed and lasing properties of wideband swept-frequency sources, but these approaches suffer from complex mechanical embodiments that limit their linearity, coherence, reliability and ease of use and manufacture. Single mode semiconductor lasers (SCLs) are attractive candidates for the generation of wideband chirped waveforms owing to their narrow linewidths and the ability to electronically control the lasing frequency via the injection current. We have previously demonstrated the generation of precisely controllable optical frequency sweeps using an SCL in an optoelectronic phase-lock loop [5] . However, the bandwidth over which the frequency of a single mode SCL can be tuned is typically limited to a few hundred GHz, which is insufficient for high resolution LIDAR and OCT applications.
In this paper, we propose and demonstrate the doubling of the bandwidth of a chirped optical waveform by the process of Four-Wave Mixing (FWM) in a nonlinear optical medium. It is a well known observation [6] that the dithering of the pump signal to suppress Stimulated Brillouin Scattering (SBS) in a FWM experiment produces a broadening of the idler signal; this broadening is generally regarded as an undesirable side effect. We theoretically and experimentally demonstrate that the frequency chirp characteristics of the pump signal are faithfully reproduced in the idler, which implies that the chirp-doubled signal can be used for higher resolution optical imaging. The effect of chromatic dispersion on the maximum achievable output bandwidth is analyzed, and a dispersion compensation technique to reduce the required input power levels is described. We show that this approach can be cascaded to achieve a geometrical increase in the output chirp bandwidth and that the chirp bandwidth can be tripled using two chirped input fields. Finally, we present the design of a cyclical FWM "engine" to achieve large output chirp bandwidths using a single non-linear waveguide.
II. THEORY
A. Bandwidth Doubling by Four Wave Mixing (FWM)
Consider the experiment shown in Fig. 1 . A chirped optical wave and a reference monochromatic wave are coupled together, amplified, and fed into a non-linear optical waveguide with a large third order non-linear susceptibility and a relatively low group velocity dispersion (GVD) parameter . Highly non-linear fibers (HNLF), photonic crystal fibers, higher order mode (HOM) optical fibers [7] , semiconductor optical amplifiers (SOAs) [8] and integrated silicon waveguides [9] can be used to provide the necessary non-linear susceptibility and control over the GVD. In this paper, we will assume that the non-linear medium is a highly non-linear optical fiber. An optical filter, typically based on a diffraction grating, is used at the output to select the waveform of interest.
0733-8724/$26.00 © 2010 IEEE Let the electric fields of the chirped and the reference waves be given by (1) where represents the optical chirp. The fields are assumed to be linearly polarized along the same axis, and is the direction of propagation. The propagation vectors are determined by the waveguide. The instantaneous frequency of the chirped wave is given by (2) For the particular case of a linearly chirped wave, , and . Typical optical frequency chirps of interest for imaging exceed bandwidths of 100 GHz in a time less than 1 ms, and SBS effects can be neglected in this analysis. The rate of the optical chirp is several orders of magnitude slower than the optical frequency, and the chirped wave can therefore be regarded as a monochromatic wave of frequency . The chirped and reference waves interact in the nonlinear fiber through the FWM process to give rise to a nonlinear polarization [10] . . .
where is the vector sum of the electric fields in (1) . Among the various frequency terms which are present in the triple product (3) is the term (4) which radiates a wave of frequency (5) This process can be described quantum mechanically by the annihilation of two photons of the chirped field to create a photon of the reference field and a photon of the output field. Comparing (5) and (2), we see that the output chirp is twice the input chirp. By the proper selection of the input frequencies and , the output waveform can be separated out by an optical filter, as shown in Fig. 1(b) . If the bandwidth of the input chirp is (rad/s), the necessary condition for filtering the output waveform is (6) Note that the output optical wavelength is in the same region as the input, and the output can therefore be amplified and re-used in a cascaded scheme as discussed in Section IV.
The expression for the output optical power can be obtained following a straightforward derivation [11] as outlined below. We restrict ourselves to the output electric field of the form (7) which is generated by plugging the nonlinear polarization (3) into the nonlinear wave equation (8) where is the refractive index in the fiber and represents the loss per unit length. The input chirped and reference fields are assumed to be undepleted, i.e., (9) and is assumed to be slowly growing along the waveguide, i.e.,
. The differential equation for the output field is then given by (10) where is the effective area of the mode in the fiber, is the nonlinear coefficient of the fiber, given by (11) and is the phase mismatch defined as
The phase mismatch is a function of the frequency difference between the chirped wave and the reference wave. Ignoring the effect of self phase modulation of the chirped beam (which is valid when the input power is low), (12) can be written as (13) where is defined in (6) and is the th derivative of , evaluated at . is related to the GVD parameter by .
B. Bandwidth Limitations Due to Dispersion
Integrating (10), we derive the output power after propagation through a distance [11] : (14) From (13) and (14), the maximum value of the input frequency separation, and hence the output chirp bandwidth, will ultimately be limited by the phase mismatch in the fiber. Consider as an example, a commercially available dispersion flattened HNLF with a non-linear coefficient km W , loss dB/km, and dispersion parameter ps/nm km. For this dispersion-flattened fiber, higher order dispersion terms ( and above in (13)) can be neglected. Let us assume that the chirp and reference powers are equal, i.e.,
. The output power as a function of the input frequency separation , for various values of input power and fiber length , is calculated using (13) and (14) and plotted in Fig. 2 . The FWM bandwidth can be defined as the maximum input frequency separation over which useful output power is generated, which is here taken to be the dB point. It is important to note that the filtering condition (6) implies that is equal to the maximum possible output bandwidth. The maximum fiber lengths and the input power requirements for different values of output bandwidth and output power are summarized in Table I.   TABLE I  LENGTH OF HNLF AND INPUT POWER REQUIREMENTS FOR DIFFERENT OUTPUT BANDWIDTHS AND POWER LEVELS It is clear from Fig. 2 and Table I that the maximum output bandwidth is determined by the length of fiber used in the experiment. For a given value of the dispersion parameter, reduces as is increased. To obtain larger bandwidths, a fiber with lower dispersion must be used. For a given length of fiber, the output power level depends only on the input power. For example, for a desired output bandwidth of 10 THz and an output power of 0 dBm, the maximum (dispersion-limited) fiber length is 1.1 m, and the input power required is W. This power level can be achieved with high power fiber amplifiers, but is desirable that commercially available telecom-grade erbium doped fiber amplifiers with output powers of dBm be used to reduce the system cost. In the following section, we describe a quasi-phase matching technique using dispersion compensation to achieve this target.
It was assumed in the preceding discussion that higher order terms in the dispersion curve were small and could be neglected. This description works well for dispersion-flattened HNLF, but other nonlinear fibers can have a significant contribution to the phase mismatch arising from the next higher order dispersion, i.e., . The output bandwidth limit can for this case be calculated exactly using (13) in (14) . A rough estimate for the bandwidth limit can be obtained by comparing the contributions to the phase mismatch due to and . Using (13), these contributions become equal at . If is less than calculated using only the phase mismatch due to , then the maximum achievable output bandwidth is approximately given by .
C. Quasi-Phase Matching Using Alternating Dispersion Stages
It is desirable to increase the length of the non-linear fiber used in the experiment, so as to increase the interaction length for the FWM process, thereby reducing input power requirements. However, the length cannot be increased arbitrarily, since the phase mismatch causes a reduction in the overall output power. This limitation can be overcome by using a multi-segment HNLF where the sign of the dispersion parameter of a segment is alternatively chosen to be positive or negative, as shown in Fig. 3(a) . The dispersion parameter is changed by engineering the waveguide dispersion differently in the alternating segments. We again make the assumption of a dispersion-flattened fiber where can be neglected. Dispersion-flattened HNLFs with dispersion parameters in the range of to ps/nm km at 1550 nm are readily available. An exact expression for the output field is easily obtained by integrating (10) over the entire structure, but we present below an intuitive explanation of the power build-up in the fiber. For a low loss fiber, we can set in (10) to obtain the simple differential equation (15) The solution to this equation is a phasor that traces out a circle in the complex plane as the distance is increased, as shown in Fig. 3(b) . The maximum value of the field occurs when . As is increased beyond this value, the magnitude of the field phasor decreases, and the power output decreases. When the sign of the dispersion parameter is reversed, the sign of is also reversed according to (13) , and the field phasor now traces out a circle of the opposite sense, as depicted in Fig. 3(c) . By symmetry considerations, the total output field at the end of the second segment is equal to twice the value of the field at the end of the first segment, for any arbitrary value of . For a structure with alternating segments, the output field scales as , and the output power scales as . The variation of along a structure with three alternating segments of HNLF, calculated using (10) , is plotted in Fig. 4, clearly showing the quadratic scaling of the output power with number of segments. Conversely, for a given desired output power, the input power requirement is reduced. For the HNLF example considered in Section II.B, an output bandwidth of 10 THz and output power of 0 dBm can be achieved using a structure with 30 segments of length m and alternating dispersions of ps/nm km, with an input power of only 200 mW, as opposed to an input power requirement of 1.9 W if a single segment were used. The number of segments that can be used in this technique is limited by the insertion loss due to the fiber splices. Let the ratio of the transmitted to the incident field amplitudes at a fiber splice be given by , and let denote the amplitude of the FWM field generated in the th segment. The fields generated in all the segments add in phase. The chirped and reference fields in the th segment are given by , and the FWM field generated in the th segment is consequently given by . The output field after the th stage is therefore given by It is therefore crucial to minimize the splice losses in order to increase the FWM interaction length. In the absence of splice losses, the number of segments is limited by material loss in the waveguide, and the total achievable bandwidth is ultimately limited by the gain bandwidth of the amplifiers used in the experiment. It should be noted that quasi-phase matched FWM using a similar concept has been demonstrated theoretically and experimentally [12] , [13] , where the phase mismatch accumulated during the FWM process is periodically compensated for using a dispersion compensating fiber (DCF) or a single mode fiber (SMF). In the process described in this section, the quasi-phase matching is achieved using nonlinear fiber. This is an important distinction since the use of SMF or DCF will require two fiber splices per segment of HNLF, which then leads to a lower achievable gain from (18). Further, the loss per splice is also expected to be higher, since dissimilar fibers have to be spliced together.
We have again neglected the effect of higher order dispersion terms in the preceding analysis. In the presence of nonnegligible higher order dispersion terms, perfect quasi-phase matching can only be achieved by reversing the signs of all the terms in (13), for However, a degree of quasi-phase-matching can still be achieved by reversing the sign of the dispersion parameter . The modification to the output power due to the effect of higher order terms can be determined exactly by integrating (10).
III. EXPERIMENT
A schematic diagram of the proof-of-principle experimental setup is shown in Fig. 5 . The input chirped wave was a transform limited, linearly chirped waveform that sweeps 100 GHz in 1 ms, generated by a semiconductor DFB laser in an optoelectronic phase-lock loop [5] . The linearity of the chirp is very important for imaging and optical ranging applications, since it eliminates the need for extensive post-processing. A tunable laser (Agilent Technologies) was used as the monochromatic reference wave. The two optical waves were coupled using a polarization maintaining coupler, amplified using an EDFA and fed into a commercial dispersion flattened HNLF. The HNLF had a gain km W , loss dB/km, length m, and dispersion parameter ps/nm km. The output of the HNLF was measured on an optical spectrum analyzer, and is shown in Fig. 6 . The figure clearly shows the generation of a frequency doubled FWM output that sweeps over an optical bandwidth of 200 GHz. A second FWM component sweeping over 100 GHz in the reverse direction was generated on the low frequency side, corresponding to the FWM process involving two photons of the reference wave and one photon of the chirped wave. The experimentally measured values of the output fields are in excellent agreement with the theoretical calculation based on the measured input powers and (13) and (14) .
The ability of the experiment to reproduce the dynamic characteristics of the input optical frequency chirp at the output was also verified. The output waveform was filtered out using the Fig. 6 . Experimental demonstration of bandwidth doubling by Four Wave Mixing. The reference wave was monochromatic (resolution limited) and the input chirp bandwidth was 100 GHz. The arrows indicate the direction of the chirp. The second FWM product, generated at the lower frequency, chirps in the opposite direction. The theoretical FWM power was calculated using (13) and (14) using the measured input powers. monochromator output of the optical spectrum analyzer, and amplified using a telecom EDFA. The input and output frequency chirps were characterized by passing them through a Mach-Zehnder interferometer (MZI) with time delay ns, as shown in Fig. 5 . The frequency of the detected photocurrent is related to the slope of the optical chirp by . The spectrograms of the photocurrents are calculated and plotted in Figs. 7(a) and (b) . The results clearly show that the optical chirp rate is doubled by the FWM process from Hz/s to Hz/s, and the transform-limited linearity of the input chirp is maintained at the output, making the output frequency chirped waveform suitable for 3-D imaging applications. The FWM technique can also be used to increase the chirp rate of swept frequency optical waveforms.
IV. BANDWIDTH EXTENSION
The FWM process demonstrated in this paper generates a chirp-doubled optical wave in the same wavelength range as the input signal. The frequency spacing between the output chirp and the input chirp is only limited by the sharpness of the optical filter used to filter out the output. Using diffraction grating based filters, this gap can be as small as a few GHz. It has been demonstrated by Ishida and Shibata [14] that the FWM process can Fig. 1(a) . be cascaded to geometrically increase the frequency separation between the two input signals. This principle can be extended to chirped signals to achieve geometric increases in the chirp bandwidth. The output chirped signal from the FWM experiment can be filtered, amplified again using an EDFA and mixed with the same reference signal in an HNLF to further double the chirp bandwidth. A cascade of such stages leads to the geometric scaling of the output bandwidth by a factor , as shown in Fig. 8 . For example, starting with a 200 GHz chirped semiconductor laser at the input, an output bandwidth of 12.8 THz is obtained after stages. Note that the same reference monochromatic signal can be used for each stage, since the filtering condition (6) is always satisfied if it is satisfied for the first FWM stage. If the dispersion compensation technique for quasi-phase matching described in Section II.C is used, the total output bandwidth is only limited by the gain bandwidth of the amplifiers used in the experiment, and by additional noise introduced by the amplification stages.
The FWM process fundamentally involves the interaction of three input fields to produce the output field. An optimum use of the process for bandwidth multiplication can therefore result in bandwidth tripling, and not just doubling, as described below. Let the monochromatic reference wave of Fig. 1 be replaced by a chirped wave that sweeps in the direction opposite to the original chirp. We now have two input chirped waves which are mirror images of each other, with frequencies given by (19) where and are constants. The two output fields generated by two distinct FWM processes have frequencies
The output waveforms have bandwidths that are thrice the bandwidth of the individual input chirps, as shown in Fig. 9 . Further, the two output waveforms can be amplified and used in a cascaded process similar to the one described for the bandwidth doubling approach, to achieve a geometrical bandwidth scaling of . Starting with two frequency sweeps of 200 GHz each, a chirp bandwidth of 16.2 THz can now be achieved using stages. The geometric enhancement of the chirp bandwidth using a cascade of stages has the drawback that it requires amplifiers and non-linear waveguides, thereby increasing the overall system cost. This can be overcome by folding back the cascaded process using a FWM "engine" as shown in Fig. 10(a) . The input chirped wave sweeps over a bandwidth during a time , and is then turned off. A monochromatic reference wave is also coupled into the nonlinear medium. The FWM output of bandwidth is selected by the optical filter, delayed by a time , amplified and fed back into the non-linear fiber as the chirped input. From time to , the optical filter is configured to select the new FWM output of bandwidth . The combination of optical filter configuration and the delay therefore ensures that only two optical waves are input into the non-linear fiber at a given instant of time. The slope of the frequency chirp at the output port then increases geometrically with time, as depicted in Fig. 10(b) . The amount of practically achievable delay imposes a lower bound on the input optical chirp rate, for a given chirp bandwidth. A fiber delay of 20 km provides a delay of 100 s, which is quite sufficient for sweeping typical semiconductor lasers, and switching the optical filters. This approach can be easily modified to include two chirped inputs. 
